We develop techniques useful for obtaining conformal blocks in embedding space. We construct a unique differential operator in embedding space and demonstrate how it can be used to assemble the most general conformal block. We show a number of relations that the components of conformal blocks satisfy and find invariance of our expressions under the dihedral group.
Introduction
Conformal field theories (CFTs) have many interesting properties and applications to various physical systems. The extension of Lorentz symmetry to conformal symmetry provides quite stringent constraints on CFTs. The quantities of interest in CFTs are the spectrum of operators and their correlation functions. Symmetries restrict the form of two-and three-point correlation functions, such that the information about the dynamics is encoded in purely numerical coefficients. Because the operator product expansion (OPE) is convergent in CFTs, the OPE can be used to systematically reduce higher-point functions until only two-and three-point functions remain [1] .
Moreover, it was observed in the seventies that crossing symmetry of four-point functions can be used to constrain the possible values of operator dimensions and coefficients of three-point functions [2] . That observation proved to be very fruitful when applied to two-dimensional CFTs.
When a four-point function is reduced by applying the OPE to pairs of points, symmetries reduce the problem to a sum over operators that are exchanged in either the s, t, or u channels. The expression for an individual operator exchange is governed by conformal symmetry and is called the conformal block. In larger number of dimensions, similar techniques have been used with much success only more recently [3] . In part, it took a lot longer to adopt bootstrap techniques beyond two dimensions because analytic information about conformal blocks has been rather limited with some of the first results obtained in [4, 5] .
Conformal blocks are fully determined by symmetries. Yet, conformal symmetry acts nonlinearly on the coordinates, which obscures consequences of the symmetry group. The most natural, linear, action of conformal symmetry in d dimensions is on a d + 2-dimensional space called the embedding space [6] . While many results on CFTs were obtained using the embedding space, see for example [7] , the advantage of embedding space formulation has not been fully harnessed (articles in [8] contain early important work on the OPE).
In [9] , we outlined a program of deriving conformal blocks in the embedding space and showed how to obtain some already known results using our method. Here, we provide further ingredients that are necessary to implement conformal block calculations and the bootstrap program in the embedding space. There are two main parts of this article. In the next section, we investigate the differential operators that are consistent with the light-cone constraint of the embedding space and could appear on the right-hand side of the OPE. We show that all such operators can be generated from a single operator. We then investigate how this differential operator acts on the conformal cross ratios. In the following section, we show that the most general conformal block can be obtained from the action of the differential operator. We are concerned only with conformal blocks without any uncontracted Lorentz indices. Conformal blocks containing free Lorentz indices can be obtained by acting with more derivatives on the expression presented in this article. We also point out that the expression from which conformal blocks can be constructed is invariant under the dihedral group with 12 elements.
Differential Operator
We denote the embedding space coordinate as η A , where η A = (η µ , η d+1 , η d+2 ). The embedding space is a projective space with η A and λη A identified for λ > 0, and it is restricted to the light cone η 2 ≡ η A η A = 0.
The OPE expresses the product of two quasi-primary operators in terms of a series of quasiprimary operators and their descendants. To generate the descendants, the OPE must thus include differential operators which act on the quasi-primary operators. The only consistent differential operators (with one derivative) which are well defined on the light cone are
Θ is the homogeneity operator, while L AB are the Lorentz generators in the (d + 2)-dimensional embedding space, thus they satisfy the conformal algebra in d dimensions. Moreover, the homogeneity operator and the conformal generators commute
Neither Θ nor L AB involve derivatives with respect to η 2 and are therefore well defined on the light cone. This can be seen by changing coordinates from η A = (η µ , η d+1 , η d+2 ) to η A = (x µ , k, η 2 ), where
or equivalently
In the new variables, one obtains
which shows that Θ and L AB are well defined on the light cone. 1 Note that, due to the homogeneity condition of quasi-primary operators in embedding space, the differential operator Θ acts trivially. Indeed, it does not generate descendants from the quasiprimary operators and can be discarded as a genuine differential operator. Therefore, the only non-trivial differential operators which are well defined on the light cone must be made out of partial derivatives in the specific combination L AB .
Elementary Operator
We now show that all non-trivial differential operators in the embedding space can be obtained from a single operator. Because the Casimir operators cannot generate descendant operators it is straightforward to conclude that all possible non-trivial differential operators can be written as combinations of (L n ) AB for n > 0. It turns out that (L n ) AB can be written in the following form
, where the derivatives act to the right and the operators S n , T n , U n , and V n only depend on the homogeneity operator Θ. The form of (L n ) AB is preserved when n is increased by one
which gives the following relations
where d E = d+2 is the dimension of the embedding space. One can then show that the differential
, where A n , B n , and C n are again functions of the homogeneity operator Θ. Indeed, for n = 1 one obtains L AB by setting
Another way to ensure that a differential operator is well defined on the light cone is to check that its effect on 
where A n = S n , B n = iU n − i(1 − Θ)S n , and C n = V n + ΘS n . Since the homogeneity operator commutes with the conformal generator, all non-trivial differential operators can be expressed in terms of L AB and (L 2 ) AB .
The OPE involves operators at two points on the light cone, η 1 and η 2 . We use the convention that the operators on the right-hand side of the OPE are located at η 2 , therefore the differential operators present in the OPE must act at η 2 . There are then two differential operators without contractions given by
There are also three simple differential operators which can be constructed with one contraction from the conformal generators,
The last operator can be disregarded since it depends on the homogeneity operator only. Due to the antisymmetry of the conformal generators, there are only two differential operators with two contractions which are given by
Once again, the second operator is trivial because it is expressed in terms of the homogeneity operator only.
There remain five operators that could be useful: two with no contractions, two with one contraction, and one with two contractions. Of those five, only one is independent since
Therefore, there is only one differential operator which plays a significant role in the OPE, and it is chosen to be
The prefactor (η 1 · η 2 ) 1 2 is introduced for future convenience. All remaining differential operators can be expressed in terms of the differential operator (2.2).
Because A AB 12 is transverse in each of its indices, the differential operator in (2.2) has a special status and satisfies several interesting identities. The most important ones, which can all be proven by induction, are given below. First, note that A AB 12 = A BA 12 = A AB 21 = A BA 21 and
Therefore, D A 12 trivially satisfies
which imply that
The non-trivial commutation relations between D A 12 and Θ 1,2 are given by
(2.4)
The second and third equations of (2.4) imply that D A 12 has well defined degrees of homogeneity in η 1 and η 2 .
Squaring D A 12 gives the scalar differential operator
for which
With the help of fractional calculus, the scalar differential operator can naturally be applied h/2 times to a quasi-primary operator, where h ∈ R. This generalization will be needed because conformal dimensions are real numbers. Commutation relations in (2.5) can be generalized to arbitrary h as follows
(2.6)
Finally, the commutation relations for the conformal generators with the embedding space coordinates and the differential operators are
where (S AB ) C D are the SO(d, 2) generators in the vector representation.
Change of Variables
It will obviously be useful to express the operator D A 12 in terms of the conformal ratios
Since D A 12 commutes with (η 1 · η 2 ) α , as shown in (2.3), the differential operator acts non-trivially only on (η 2 · η 3 ) and (η 2 · η 4 ) and one obtains
,
.
The conformal ratios have vanishing degrees of homogeneity, so it is of interest to redefine the differential operator D A 12 such that it is homogenous with respect to all four coordinates. The rescaled operator is defined as
and
The scalar operator D (u,v) is more suited to act on functions of the conformal ratios since its action results in other functions of the conformal ratios only. When D A (u,v) and D (u,v) act on functions of conformal ratios only, one can change variables such that the derivatives are with respect to u and v only
It is then straightforward to verify that
Because of transversality of A AB 12 , D A (u,v) can only be contracted with either η 3A or η 4A . These contractions give the following new operators, where their respective pre-factors were chosen for homogeneity,
and it can be obtained from (2.4), (2.5) and (2.6). Moreover, they satisfy several important properties, for example
A further generalization of these properties can be obtained using the general Leibniz rule and
where (. . .) i denotes the Pochhammer symbol. With a slight abuse of notation, the arguments of the Pochhammer symbols contain not just pure numbers, but sometimes operators as well. The terms with no derivatives on the right-hand sides of the equations above give the action of the derivative operators on the powers of u and u/v alone
which we quote for future reference.
Master Function
We now turn into constructing the most general form of a conformal block and show how to apply the derivatives developed in the previous section. We assume that the OPE is used once at points 1 and 2 and another time at points 3 and 4. 
From its definition and the fact that the derivatives D 2 12 and D 2 34 commute, it is clear that F (p,q;r;s,t) d (η i · η j ) can also be expressed as
The two forms for F (p,q;r;s,t) d
(η i · η j ) (3.1) and (3.2) and the behavior (2.10) of the derivative
where the function H (p,q;r;s,t) d
3)
The power of 
To proceed, it is convenient to introduce another function, 
It turns out that G 
The symmetry H (p,q;r;s,t) d
Setting s = 0, the identity above leads to G Moreover, the relation G
This transformation is consistent with the special cases already mentioned and allows other relations to be found. Indeed, defining the action of the group g · (p, q; r; s, t) as standard matrix multiplication on the five-dimensional vector (p, q, r, s, t) T , the two symmetries are represented by the following 
Hence, x = t 1 and y = t 2 t 1 lead to the presentation x, y|x 2 = y 6 = (xy) 2 = 1 of the dihedral group D 6 . By defining rotations r i = y i and reflections s i = xy −i , it is easy to observe that
which are the correct multiplication rules of D 6 . Since D 6 has six conjugacy classes given by
it has six irreducible representations (A 1,2 , B 1,2 and E 1,2 ) of dimensions given by the character of the conjugacy class E shown in table 1. The five-dimensional reducible representation over the space of (p, q; r; s, t) decomposes as two one-dimensional irreducible representation A 1 , one one-dimensional irreducible representation B 2 , and one two-dimensional irreducible representation 
is not straightforward to verify from (3.8). As will be shown in a forthcoming publication, some of the well-behaved linear combinations found here have direct links to the conformal blocks while others are useful to simplify results.
Summary
We showed several technical results that are needed to implement the OPE and to calculate conformal blocks in embedding space. The right-hand side of the OPE contains sums over quasi-primary operators and their descendants. We were able to reduce all non-trivially acting differential operators to a single one that can appear in the OPE in order to generate descendants. When the basic differential operator is used in the four-point function it is more natural to express all results in terms of the conformal invariants, u and v, therefore we presented relevant expressions in term of those variables as well.
We demonstrated how the differential operator can be used to obtain general form of the conformal blocks. This follows from the action of derivative operators in two OPEs that one uses to reduce a four-point function. The most compact expression that we were able to obtain for the function needed to build conformal blocks is written as a quadruple sum in (3. A future publication will address the details of obtaining the OPE in our formalism and of constructing conformal blocks for arbitrary Lorentz quantum numbers. An interesting followup would be investigating supersymmetric version of this program given the formalism in [11] . Interestingly, [12] points to a supersymmetric version of the Casimir equation and their solutions which may be very useful for superconformal field theories. Finally, from the correspondence found in [12] between conformal blocks and integrable systems, our master function may be of interest in the analysis of Calogero-Sutherland Hamiltonians.
